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We show that indeterminacy can easily arise in multisector models that have
constant variable returns to scale and very small market imperfections. This
is in sharp contrast to models that require increasing returns to generate
indeterminacy, and which have been criticized on the basis of recent empirical
estimates indicating that returns to scale are roughly constant, and that
market imperfections are small. We also show that we can calibrate our
constant returns model with sunspots, using standard parametrizations to
produce a close match to the moments of aggregate consumption, investment,
output and employment in US data.
Journal of Economic Literature Classi…cation Numbers: E00, E3, O40.
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Recently there has been a renewed interest in the possibility of indeterminacy
and sunspots, or alternatively put, in the existence of a continuum of equi-
libria that arises in dynamic economies with some market imperfections.1
Much of the research in this area has been concerned with the empirical
plausibility of indeterminacy in markets with external e¤ects or with mo-
nopolistic competition, and which exhibit some degree of increasing returns.
While the early results on indeterminacy relied on relatively large increasing
returns and high markups, more recently Benhabib and Farmer [10] showed
that indeterminacy can also occur in two-sector models with small sector-
speci…c external e¤ects and very mild increasing returns.2 Nevertheless, a
number of empirical researchers, re…ning the earlier …ndings of Hall [23], [24]
on disaggregated US data, have concluded that returns to scale seem to be
roughly constant, if not decreasing.3 While one can argue whether the degree
of increasing returns required for indeterminacy in Benhabib and Farmer [10]
falls within the standard errors of these recent empirical estimates, one may
also ask whether increasing returns are at all needed for indeterminacy to
arise in a plausible manner. The purpose of this paper is to give a negative
answer this question, and to show how indeterminacy can occur in a stan-
dard growth model with constant social returns, decreasing private returns,
small or negligible external e¤ects, and standard parameter values that are
typically used in the literature on business cycles. Furthermore we will show
that it is possible to realistically calibrate such a model and to obtain a
reasonably good match to the moments of aggregate US data.
Indeterminacy or multiple equilibria emerges in dynamic models with
small market distortions as a type of coordination problem. Roughly speak-
ing, what is needed for indeterminacy is a mechanism such that, starting from
an arbitrary equilibrium, if all agents were to simultaneously increase their
investment in an asset, the rate of return on the asset would tend increase,
and in turn set o¤ relative price changes that would drive the economy back
towards a stationary equilibrium. One such simple mechanism in one-sector
models is increasing returns, typically sustained in a market context via ex-
ternal e¤ects or monopolistic competition (see also the footnote above). In a
multisector model however, the rates of return and marginal products depend
not only on stocks of assets, but also on the composition of output across
sectors. Increasing the production and the stock of a capital asset, say due
to an increase in its price, may well increase its rate of return. It is possible
1therefore to have constant aggregate returns in all sectors at the social level,
and to still obtain indeterminacy if there are minor or even negligible external
e¤ects in some of the sectors. A more detailed intuition for indeterminacy is
given at the end of section (2) in the case of a simple two-sector model.
Constant social returns coupled with small external e¤ects implies that
some sectors must have a small degree of decreasing returns at the private
level. This is in contrast to models of indeterminacy with social increasing,
but private constant returns to scale. An implication of decreasing private
returns is of course positive pro…ts. In the parameterized examples given
in the sections below, these pro…ts will be quite small because the size of
external e¤ects, and therefore the degree of decreasing returns needed for
indeterminacy, will also be small. Nevertheless positive pro…ts would invite
entry, and unless the number of …rms are …xed, a …xed cost of entry must
be assumed to determine the number of …rms along the equilibrium. Such
a market structure would then exhibit increasing private marginal costs but
constant social marginal costs, which is in line current empirical work on
this subject (see the footnote 3 above). It seems therefore that models of
indeterminacy based on market imperfections which drive a wedge between
private and social returns must have some form of increasing returns, no
matter how small, either in variable costs as in some of the earlier models
of indeterminacy, or through a type of …xed cost that prevents entry in the
face of positive pro…ts. (See also Gali [21], and Gali and Zilliboti [22].)
The point is that while some small wedge between private and social returns
is necessary for indeterminacy, this in no way requires decreasing marginal
costs, or increasing marginal returns in production.
For reasons also given at the end of section (2) indeterminacy can arise in
a constant returns two-sector economy only if the utility of consumption is
close to linear. In order to calibrate the model with standard parameters for
production and preferences we need a three sector model. Section 3 presents
such a model in a continuous time framework. In section (3.2) we show that
this model easily gives rise to indeterminacy with standard parametrizations
for utility functions, labor supply elasticities, discount and depreciation rates,
and factor shares. Much of the derivations are relegated to Appendix I.
In section (4) we present the stochastic, discrete-time version of our model
and we calibrate it. We construct some simple sunspot equilibria and show
that we can easily …nd standard parametrizations of our Cobb-Douglas tech-
nology and preferences to reasonably match the various moments of US data.
The fuller derivations for this case are given in Appendix II.
22 The Two Sector Model
2.1 Basic structure
We model an economy having an in…nitely-lived representative agent with
instantaneous utility given by
U (c) = (1 ¡ ¾)
¡1c
(1¡¾) ¡ (1 + v)
¡1L
(1+v) ¾; v ¸ 0
where c is consumption, L is labor supply, v¡1 is the labor supply elasticity
and ¾is the intertemporal elasticity of substitution in consumption. For
simplicity of exposition we will start with a two-sector rather than an n-
sector Cobb-Douglas production technology with a consumption good c, and


































= x ¡ gk
Kx + Kc = k; ; Lx + Lc = L (4)
with initial stock of k given. The components of the production functions,
Lb0
c Kb1
x for x; and La0
c Ka1
c for c; represent output e¤ects that are external,
and are viewed as functions of time by the agent.
























+ ¹ w0 (L ¡ Lx ¡ Lc) + ¹ w(k ¡ Kx ¡ Kc)
3Here ¹ p; ¹ w0 and ¹ w are the Lagrange multipliers which will represent the utility
prices of the capital goods x and y;the rental rates of capital goods and the
wage rate of labor, all in terms of the price of the consumption good c: The
…rst order conditions are with respect to Kc;Lc;Kx;Lx yield:





















¹ w0 = U
0w0; ¹ w = U
0w; ¹ p = U
0p



















The …rst order conditions with respect to L , after combining with the






If we assume constant returns at the social level, we have:
a0 + ®1 + a0 + a1 = ¯0 + ¯1 + b0 + b1 = 1












Evaluated at the steady state, where quantities and prices are stationary,
equation (9) can be written as
dp
dt

































































:With logarithmic utility of consumption, we have of
course, ¾ = 1: The …rst order conditions given by equations (5), (6), (7),
and the equations of motion given by (8) and (10) completely describe the
system.
2.2 Two-Sector Dynamics

















































. Note that E can be written as one minus the
product of two elasticities:














If we multiply the …rst row of [J] by ¡¾E¡1p and add it to the second, we














If the utility of consumption is linear, then ¾ = 0;and it is easy to see that











: In Appendix I












































































(®1 + a1)(¯0 + b0) ¡ (®0 + a0)(¯1 + b1)
!
The last step above follows from multiplying (®0 + a0) in the denominator
by (¯0 + ¯1 + b0 + b1;) which under constant returns equals one, similarly
multiplying (¯0 + b0) by (®0 + ®1 + a1 + a0); and cancelling to simplify the
denominator. It is easily shown that comparing the ratios of Cobb-Douglas
exponents of the production functions amounts to comparing factor intensi-
ties, since the ratios of exponents determine input ratios. These ratios can be
de…ned either with or without the external e¤ectsentering the exponents. We
may therefore say that the capital good is labor intensive from the private
perspective if (¯1®0 ¡ ®1¯0 < 0); but that it is capital intensive from the
social perspective if ((®1 + a1)(¯0 + b0) ¡ (®0 + a0)(¯1 + b1) < 0): The ex-
6pressions above allow us to state the following simple result:
Proposition 1 In the two-sector model with ¾ = 0; if the capital good is
labor intensive from the private perspective, but capital intensive from
the social perspective, that is if (¯1®0 ¡ ®1¯0 < 0) but
(®1 + a1)(¯0 + b0)¡(®0 + a0)(¯1 + b1) < 0; then the steady state is indeter-
minate.
A simple example illustrates the possibility of indeterminacy in the two-
sector model, for ¾ = 0, any r > 0; g ¸ 0; and only a small externality of
the capital good in the production of the consumption good. Let:
¯0 = 0:34 ; b0 = 0:00; ¯1 = 0:66; b1 = 0:0
®0 = 0:30; a0 = 0:05 ®1 = 0:65; a1 = 0:0
Then we have
¯1®0 ¡ ®1¯0 < 0
(®1 + a1)(¯0 + b0) ¡ (®0 + a0)(¯1 + b1) < 0
and therefore both roots of [J] are negative. Note also that without some
external e¤ects both of the above conditions cannot hold simultaneously. It
is clear nevertheless that examples satisfying the above conditions for inde-
terminacy can be constructed with arbitrarily small external e¤ects.
To establish the intuition behind this result we note the following. With-





depends on the sign of (®0¯1 ¡ ®1¯0);
which represents the factor intensity di¤erence between the two goods. This
dependence on factor intensities is in fact nothing but an expression of the






also depends on the sign of (®0¯1 ¡ ®1¯0); and re‡ects the Ry-
bczynski theorem. We note from the Rybczynski theorem that this e¤ect
of stocks on outputs will, at constant prices, be more than proportional,
and since at a steady state x = gk; it will be strong enough to overwhelm









; so that the roots of [J] will be of opposite sign. The exam-
ple of indeterminacy above works precisely because, through external e¤ects,
7it destroys the duality between the Stolper-Samuelson and Rybczynski ef-
fects. Since input coe¢cients are determined by factor prices, a change in
aggregate inputs with prices …xed requires an adjustment of output levels
to maintain full employment. The adjustment must re‡ect the structure of
input coe¢cient matrix, as implied by the Rybczynski Theorem. When there
are no externalities the same is true, via Shepard’s Lemma, for the e¤ect of
input prices on outputs, and this re‡ects the Stolper-Samuelson Theorem.
However with market distortions true costs are not being minimized, and
Shepard’s Lemma no longer holds, breaking the reciprocal relation between
the Rybczynski and Stolper-Samuelson e¤ects5. We will make use of this
point to provide a heuristic explanation of our indeterminacy result.
To understand the intuition for this indeterminacy result consider …rst a
simple one sector model. Starting froman arbitrary equilibrium, consider an-
other one with a higher rate of investment. A higher investment rate results
in higher stocks and, if there are no increasing returns, in a lower marginal
return to capital. The only way that this can be an equilibrium is if the
other component of the return, the price (or shadow price) appreciation of
capital, o¤sets the decline in the marginal product and justi…es the increased
holding of such stocks. This appreciating relative price induces a higher pro-
duction of the capital good, that is a higher rate of investment. The result
is a further decline in the marginal product of capital, which then requires
an even higher price appreciation to justify the holding of the higher stocks.
Transversality conditions rule out such an equilibrium. If there are increasing
returns however, incorporated into the model through some market imper-
fections, the higher stock levels increase rather than decrease the marginal
product of capital, and this higher return justi…es the holding of the higher
stocks without requiring explosive price appreciations and violating transver-
sality conditions. Such increasing returns to capital are generally introduced
indirectly. In Benhabib and Farmer [6] increasing returns to capital is the re-
sult of changes induced in labor supply due to the reallocation of production
in favor of investment and capital accumulation. In Gali [21], Rotemberg
and Woodford [28] or Schmitt-Grohé ??, it is the result of countercyclical
markups.
In a two-sector model another mechanism leading to indeterminacy be-
comes operational. The return to capital now depends on the composition of
output as well as the level of the stock. Let us …rst consider the case without
external e¤ects. Take the case where the capital good is capital intensive,
and again starting from an equilibrium consider an increase in the rate of
8investment above the level of its initial equilibrium, induced by an instanta-
neous increase in the relative price of the investment good. An increase in the
stock of capital at constant prices would, from the Rybczynski theorem, lead
to a more than proportional rise in its output . From the Stolper-Samuelson
theorem the initial price rise leads to an increase in rate of return of capital
given by w; and to maintain the equality of the overall return to capital and
the discount rate, the price of the investment good must decline. However
this is not enough to check the Rycbzynski e¤ect: the increasing capital stock
leads to further expansions of investment output despite the retreat of prices
towards the steady state levels, and investment output becomes explosive.6
To get indeterminacy without relying on increasing returns there must
be a mechanism to nullify the duality between the Rybczynski and Stolper-
Samuelson theorems. This is precisely what happens in the two-sector model
above in the presence of external e¤ects, and is illustrated by Proposition 1.
When the investment good is labor intensive from the private perspective, an
increase in the capital stock decreases its output at constant prices through
the Rybczynski e¤ect. This checks the output side. Stolper-Samuelson the-
orem however operates through the ”social” factor intensities, and the in-
vestment good is capital intensive from the social perspective. The initial
rise in its price causes an increase in one of the components of its return, w;
and requires a price decline to maintain the overall return to capital equal
to the discount rate. This o¤sets the initial rise in the relative price of the
investment good and prices also reverse direction toward the steady state.
Therefore in the two sector model indeterminacy requires the destruction of
the duality between the Rybczynski and Stolper-Samuelson e¤ects through
the introduction of market imperfections.7
Why then do we have to resort to a three-sector model to generate ex-
amples of indeterminacy that are empirically plausible? The problem in the
two sector model arises because, when we consider constructing an alter-
native equilibrium with a higher investment rate we must initially curtail
consumption. If there is some curvature on the utility function, the desire to
smooth consumption over time can overwhelm the e¤ects described above.
(A formal demonstration of this, in terms of the roots of [J]; is tedious, but is
available from the authors on request.) When a third non-consumption good
is introduced however, indeterminacy can arise from compositional changes
in outputs, without severely a¤ecting the output of the consumption. There-
fore, with a third sector it becomes possible to construct examples of indeter-
minacy with ¾ ¸ 1; whereas in the two-sector model indeterminacy seems to
9hold for values of ¾ in a narrow range above 0:8 For a realistic parametriza-
tion and calibration of indeterminacy therefore we must turn to a three-sector
model.
Before focussing on the three sector model, it may be useful to brie‡y
compare our results to the other two-sector models in the literature. The
model of Benhabib and Farmer [10] uses a two sector model with sector
speci…c externalities, but the production functions in the two sectors are
identical so that compositional changes in production can a¤ect returns only
because of increasing returns in the form of sector speci…c external e¤ects.
The model of Gali [21] combines a setup of monopolistic competition with
variable markups. Output is divided into a consumption and an invest-
ment good, and the composition of this division a¤ects average markups and
pro…ts because the monopolistic competitors face demand curves that have
di¤erent slopes for the consumption and the investment goods. The magni-
tude of average markups required however is large (see Schmitt-Grohé [29].
Gali’s model is related to a model of Rotemberg and Woodford [28], which
also analyzed by Schmitt-Grohé [29].The Rotemberg-Woodford model has a
variable markup that depends on aggregate economic activity, rather than a
composition e¤ect as in Gali [21].
3 The Three-Sector Model
3.1 The Basic Structure
We again model an economy having an in…nitely-lived representative agent
with instantaneous utility given by
U (c) = (1 ¡ ¾)
¡1c
(1¡¾) ¡ (1 + v)
¡1L
(1+v) ¾; v ¸ 0
where c is consumption, L is labor supply, v¡1 is the labor supply elasticity
and ¾is the intertemporal elasticity of substitution in consumption. For
simplicity of exposition we construct a three-sector rather than an n-sector
Cobb-Douglas production technology with a consumption good c, and two





















































= x ¡ gkx
dky
dt
= y ¡ gky
Kxx + Kxy + Kxc = kx; Kyx + Kyy + Kyc = ky; Lx + Ly + Lc = L (17)







yy for y; and La0
c Ka1
xcKa2
yc for c; represent
output e¤ects that are external and are viewed as functions of time by the
agent.











































+ ¹ w0 (L ¡ Lx ¡ Ly ¡ Lc) + ¹ wx(kx ¡ Kxx ¡ Kxy ¡ Kxc)
+ ¹ wy(ky ¡ Kyx ¡ Kyy ¡ Kyc)
Here ¹ px; ¹ py; ¹ w0; ¹ wx and ¹ wy are the Lagrange multipliers which will represent
the utility prices of the capital goods x and y;the rental rates of capital goods
and the wage rate of labor, all in terms of the price of the consumption good
c: The …rst order conditions are with respect to the inputs are:



































































¹ w0 = U
0w0; ¹ wx = U
0wx; ¹ wy = U
0wy; ¹ px = U
0px; ¹ py = U
0py
































































The …rst order conditions with respect to L , after combining with the






12If we assume constant returns at the social level, we have:
a0+®1+®2+a0+a1+a2 = ¯0+¯1+¯2+b0+b1+b2 = °0+°1+°2+c0+c1+c2 = 1

































































Evaluated at the steady state, where quantities and prices are stationary,



























































































:With logarithmic utility of consumption, we have of
course, ¾ = 1: The …rst order conditions given by equations (18), (19), (20),
(21), and the equations of motion given by (22) and (24) completely describe
the system.
133.2 Three Sector Dynamics
We now linearize dynamical system given by equations (22) and (24), we



















































































































































































can be evaluated using the steady state output elasticities and the
steady state values of the prices and quantities, all of which can be expressed
in terms of the parameters of the economy. It is therefore possible to evaluate
the roots of the Jacobian [JN] at the steady state and check for indetermi-
nacy, that is to check for parameter values that yield more than two roots of
[JN] with negative real parts. The production parameters given below eas-
ily generate indeterminacy for our three sector economy, where the discount
rate is r = 0:05;the population growth rate is g = 0:01;the intertemporal
elasticity of substitution in consumption is ¾ = 1(which implies logarithmic
utility in consumption), and the inverse labor supply elasticity is v = 1 :
Parameters for the consumption good c and investment goods x
and y:
qc = 1; ®0 = 0:66; ®1 = 0:24; ®2 = 0:1; a0 = 0:00; a1 = 0:00; a2 = 0:00
qx = 1; ¯0 = 0:64; ¯1 = 0:20; ¯2 = 0:1; b0 = 0:00; b1 = 0:06; b2 = 0:00
qy = 1; °0 = 0:61; °1 = 0:23; °2 = 0:1; c0 = 0:00; c1 = 0:00; c2 = 0:06
Roots of the Jacobian [JN] :
¡10:8767; ¡0:0599; ¡0:8579; 0:1138
Clearly, the parameters above are entirely standard, and the external ef-
fects, which are present only for the capital input x in the production of x;
and for the capital input y in the production of y; both of which are set to
0:06, are extremely small. The production functions of the three goods di¤er
only slightly, with labor share in each one of them, given by ®0; ¯0 and °0;
all at roughly equal to
2
3: There are constant returns to scale at the social
level and that at the private level the agents face very slight diminishing
returns to scale in producing x and y: Let us emphasize that the degree of
perceived private decreasing returns in x and y is indeed negligibly small:
while from the social perspective the Cobb-Douglas exponents add up to 1;
from the private perspective they add up to 0:94 for both x and y: Further-
more, indeterminacy seems very robust: small variations in ¾;v;r;g or in
the production parameters do not change the values by of the roots much,
or change their sign pattern. Eliminating the external e¤ects completely
however does eliminate indeterminacy, as expected, because the private and
social optimum coincide in that case.9
154 The Stochastic Discrete Time Model and
Calibration
The discrete time problem can be de…ned as:







































where ½ = (1 + (r ¡ g))
¡1is the discount factor, gx , gy are depreciation rates,
z = (zc;zx;zy);zi is a technology shock for i = c;x;y; where `nzi = ³i, and
³i;t+1 = ¸i³i;t + ^ "i;t+1; 0 · ¸i · 1 (33)
i = c; x; y; and ^ "i;t+1 is iid, normally distributed and has mean zero. z0 is
the value attained by z in the subsequent period. Note that we can write the
consumption output as:
c = zcqc ¢ (L ¡ Lx ¡ Ly)
®0+a0 (kx ¡ Kxx ¡ Kxy)
®1+a1 (ky ¡ Kyx ¡ Kyy)
®2+a2
The …rst order conditions, after simple substitutions, are:
c
¡¾





































































The equations for accumulation are given by
kx;t+1 = (1 ¡ gx)kx;t + xt (40)
ky;t+1 = (1 ¡ gy)ky;t + yt (41)
The computations for the analysis and calibration of this model are presented
in Appendix II. Here we proceed directly to study the local dynamics. The
linearized dynamics of the model are :
0








































C C C C C C C C C C C
A
(42)
where ^ si;t;i = x;y; are an iid sunspot shocks with zero mean, acting on
the “Euler” equations for the two capital stocks. The matrices [R] and [Q]
are de…ned in Appendix II. Their elements are functions of parameters of
the system, and of steady state quantities which are also functions of the
parameters. We can therefore evaluate the roots of [Q]
¡1[R] to check for
the possibility of indeterminacy. When externality parameters are set to







the other three roots are the autoregressive coe¢cients of the technology
shocks10: For very modest externalities however indeterminacy arises, as it
does in the continuous time case. The four roots no longer split with half
inside and half outside the unit circle. We …nd that indeterminacy can easily
occur for a large set of parameter values. The example below illustrates this
point.
17We calibrate the model along the lines of a standard RBC model. We set
the quarterly discount factor to r = 0:036 and the depreciation rate to g =
0:025;so that quarterly net discount is (r ¡ g) = 0:011: The instantaneous
utility of consumption is logarithmic, so that ¾ = 1: Labor supply is taken to
be quite elastic, although not in…nitely elastic as is often the case in the real
business cycle literature: we set v = 0:2, implying a labor supply elasticity of
5: The persistence parameters for the technology shocks, ¸c; ¸x;and ¸y are







Parameters for the consumption good c and investment goods x
and y:
qc = 1; ®0 = 0:58; ®1 = 0:15; ®2 = 0:20; a0 = 0:00; a1 = 0:07; a2 = 0:00
qx = 1; ¯0 = 0:50; ¯1 = 0:22; ¯2 = 0:21; b0 = 0:00; b1 = 0:07; b2 = 0:00
qy = 1; °0 = 0:51; °1 = 0:26; °2 = 0:15; c0 = 0:00; c1 = 0:00; c2 = 0:08






(0:251; 1:057; 0:967; 0:425; 0:950; 0:950; 0:950)
The last three roots are simply the persistence parameters ¸c; ¸x;and ¸y:
Of the remaining four roots, three are within the unit circle, which implies
indeterminacy since there are two capital stocks and two prices11. Many
other parametrizations giving indeterminacy are also possible, but the one
above is the parametrization that we use in the calibrations below.
To calibrate the model we set the standard deviations of sunspot shock
^ sx;t; and the innovations to technology shocks ^ "i;t+1; i = c;x;y;all of which
we take to be normally distributed, to 0:0039 12. They are so set to imply a
standard deviation for GNP of 1:76; to match the US data. In the simulations
we take the technology shocks to be perfectly correlated, and the sunspot
shock to be independent. Experimenting with independent technology shocks
or with technology shocks correlated with the sunspot does not change the
simulation results by much. The results of our calibration exercise are given
18in the table below.
GNP CONSUMPTION INVESTMENT LABOR




















Standard deviations of the variables in the table are relative to those of GNP,
and the numbers in parentheses are the same ratios for Hodrick-Prescott
…ltered US data. Investment corresponds to its aggregated value, evaluated
at the current relative prices of x and y: GNP contains consumption, c; plus
investment, with the price of the consumption good normalized to unity each
period. Individual components of GNP, or of investment tend to be much
more highly volatile than the aggregated series. We …nd however that this
is the case for standard RBC calibrations, irrespective of whether the chosen
parameter values generate determinate or indeterminate equilibria.13
The data generated by the model matches US data reasonably well. Con-
sumption is more weakly correlated with output for the data generated by
the model than it is for actual US data: this in part may be because positive
technology shocks initially lead to strong expansions in investment at the
expense of consumption. (See Figure 3 below and the preceding discussion.).
In addition, labor data from the model is less volatile, and less correlated
with output than it is for actual US data. One possible reason for this, as we
pointed out earlier, is that we used a labor supply elasticity of 5; compared
to the in…nite labor supply elasticities used in much of the RBC literature.
Figure 1 below gives a typical simulation with indeterminate equilibria
and sunspots, calibrated to the parameters given above, for GNP, investment
and consumption. Clearly investment displays oscillations of largest ampli-
tude, while consumption is fairly smooth, and GNP is in the intermediate
range.
19Figure 1
Figure 2 shows the impulse responses for consumption, investment
and GNP, generated by an aggregate productivity shock impacting the three
sectors simultaneously. The aggregative shock leads to a surge of investment,
initially at the expense of consumption. Again we …nd that this feature, that
is the initial negative response of consumption to the aggregative technology
shock, typically arises for standard RBC calibrations of multi-sector mod-
els that do not have any external e¤ects and therefore exhibit determinate
equilibria.14 GNP also drops by a small amount when the shock hits, but rises
immediately afterward as investment surges, and then subsides to generate
the hump-shaped response found in the data.
20Figure 2
While we have by no means performed an extensive search, the model
with above parameters that generates sunspot equilibria can provide a rea-
sonable match to the various moments of actual data. There also exists many
other reasonable parameter combinations that give a good match, and yet
others that give a very poor match to the data. Furthermore, some of the
moments generated by the model can be sensitive to parameter changes in
certain regions of the parameter set. This is true whether we have exter-
nal e¤ects and indeterminacy, or whether we restrict ourselves to standard
parametrizations of the model without externalities and indeterminacy. An-
other feature, shared with calibrated multisector models without external
e¤ects or market distortions that have determinate equilibria, is that prices
and outputs of the individual investment goods tend to be more volatile
than the aggregated value of investment, with some sectors even exhibiting
countercyclical behavior (see for example Benhabib, Perli and Plutarchos
[12]. This counterfactual observation about calibrated multi-sector models
in the context of a determinate economy has led Hu¤man and Wynne [25]
to introduce adjustment costs for the sectoral reallocations of factors of pro-
duction. It seems therefore that multi-sector RBC models, with or without
indeterminacy and sunspots, raise some new issues for the RBC literature15.
21More information concerning the moments of individual output series must
be considered to identify the best parametrizations, and to assess how good
the match is between the data and the simulations. Further disaggregation
may be necessary to identify the sectors of the model with the actual sectors
of the economy for which data is available. On the other hand it also seems
likely that increasing the number of sectors will expand the range of param-
eters yielding indeterminacy, much as going from one to two to three sectors
does. We view the above calibration exercise only as suggestive of interesting
possibilities that can expand the scope of the RBC literature.
5 Appendix I: The continuous time case
In this appendix we will derive the expressions necessary to evaluate the
steady state Jacobian of the linearized dynamics of the three sector model in
continuous time.
5.1 The Static Structure








































If we denote ^ x =
dx
x , then logarithmic di¤erentiation yields:
^ !12 = ^ Kyc ¡ ^ Kxc = ^ Kyx ¡ ^ Kxx = ^ Kyy ¡ ^ Kxy (46)
^ !10 = ^ Lc ¡ ^ Kxc = ^ Lx ¡ ^ Kxx = ^ Ly ¡ ^ Kxy (47)
^ !20 = ^ Lc ¡ ^ Kyc = ^ Lx ¡ ^ Kyx = ^ Ly ¡ ^ Kyy (48)
22Note that (!ij) = (!ji)¡1 and that (!ij)(!jh) = (!ih): Now combining equa-
tions (19), (20), (43), (44) and (45) noting that at a steady state































The exponential term (¡°1 ¡ c1 ¡ °0 ¡ c0) appears in equation (51) because
the factor price ratios !21and !20 in the equation are replaced by (!12)
¡1
and (!10)(!12)







































¯0 + b0 ¯2 + b2
°0 + c0 ¡°1 ¡ c1 ¡ °0 ¡ c0
#
(53)
The equation (52) determines the steady state values of !10 and !12: We now
















































































































®0 + a0 ¡ ¯0 ¡ b0 ®2 + a2 ¡ ¯2 ¡ b2
®0 + a0 ¡ °0 ¡ c0 ®2 + a2 ¡ °2 ¡ c2
#
(56)
The equation (55) allows us to solve for px and py in terms of !10 and !12,
and then using (52) and (49), for the steady state values of the prices px and
py and capital rentals wx and wy: we will need them to evaluate the Jacobian
matrix describing the local dynamics around the steady state. Furthermore,



















¯0 + b0 ¯2 + b2













¯0 + b0 ¯2 + b2













24Note that equation (58) de…nes the matrix [G] .
5.1.1 The static structure for the two-sector case
In a two-sector economy without the capital good y;either as an input or an
output, the above expression for the elasticity of ^ wx with respect to ^ px can
be simpli…ed. The matrix [N] becomes a scalar and since at a steady state








®0 + a0 ¡ ¯0 ¡ b0
(59)
We use this expression in Section 2 above.
5.2 Unit Input Coe¢cients
Computing unit input coe¢cients is straightforward. Taking logs of the pro-
duction function for capital good x and using (43), (44) and (45) , we have 2
6
4



















`nwx ¡ `nwy + `n¯2 ¡ `n¯1









































































































































Note that the input coe¢cients are functions of the ratios of factor rentals
and can be written in terms of !10 and !12, remembering that (!ij) = (!ji)
¡1
and that (!ih) = (!ij)(!jh):
5.3 Steady State Quantities
At a steady state we have
x = gkx; y = gky (69)

















































: Then using (21), (69), and (70), we can solve for steady state
c :
0













































: Using equations (72) and (71) we can solve for steady
state kx and ky: Since unit input coe¢cients are functions of !10 and !12,
whose steady state values are given by equation (52), the steady state stocks
kx and ky can be computed in terms of the parameters of the model. The
steady state outputs then are given by equations (69) and (72). We can
express the steady state factor inputs in the production function as:
Lc = a00c; Kxc = a10c; Kyc = a20c
Lx = a01x; Kxx = a11x; Kxy = a21x
Ly = a02y; Kxy = a12y; Kyy = a22y
where by construction:
L = Lc + Lx + Ly
kx = Kxc + Kxx + Kxy
ky = Kyc + Kyx + Kyy
5.4 Output Elasticities
First we compute the elasticities of inputs with respect to !10 and !12: From
the …rst order condition for labor given by equation (21) we have:
^ L = x0^ Lc + x1 ^ Kxc + x2 ^ Kyc (73)
where
x0 =
(®0 + a0)(1 ¡ ¾) ¡ 1
v
; x1 =
(®1 + a1)(1 ¡ ¾)
v
; x2 =
(®2 + a2)(1 ¡ ¾)
v
Using equations (47), (46) and (48) it follows that





































































may now be rewritten, after some substitutions using equations (74), (47),



















































(^ !12 ¡ ^ !10)(1 ¡ x0) ¡ (^ !12)x1






In particular, to derive the …rst equation of (76) we use the fact that
(^ !20) = (^ !10) ¡ (^ !12)
and that:
x0 + x1 + x2 = ¡
¾
v
The equations given by (76) allow us to express the steady state elasticities
of Kyc; Kyx and Kyy with respect to !10; !12; kx and ky:From the production
functions on the other hand, we have:
^ c = (®0 + a0)
³
^ Kyc ¡ ^ !12 + ^ !10
´
+ (®1 + a1)
³
^ Kyc ¡ ^ !12
´




= ^ Kyc + (®0 + a0)(¡^ !12 + ^ !10) ¡ (®1 + a1)(^ !12) (77)
^ x = ^ Kyx + (¯0 + b0)(¡^ !12 + ^ !10) ¡ (¯1 + b1)(^ !12) (78)
^ y = ^ Kyy + (°0 + c0)(¡^ !12 + ^ !10) ¡ (°1 + c1)(^ !12) (79)
Now notice that since ^ Kyc; ^ Kyx and ^ Kyy depend on ^ !10; ^ !12; ^ kx and ^ ky,
and ^ !10; ^ !12 in turn depend on ^ px and ^ py, we can now express the output
elasticities of c; x; and y with respect to px; py;kx and ky: We de…ne the
elasticity function of a m-vector q with respect to an n-vector p as an m£ n



















































Now de…ne [S] = [N]
¡1. The price elasticities are:















where the elements of the matrix [S] are denoted by Sij: We will denote the
ij’th element of [EKK] and [EKP] by EKK (i;j) and EKP (i;j): Substitut-
ing the elements of the matrices [S]; [EKK] and [EKP] into the production
equations (77), (78), and (79), we obtain the output elasticities:
E (c : px) = EKP(1;1) + (®0 + a0)((S11 ¡ S21)) ¡ (®1 + a1)S21
E (c : py) = EKP (2;1) + (®0 + a0)((S12 ¡ S22)) ¡ (®1 + a1)S22
E (c : kx) = EKK (1;1)
E (c : ky) = EKK (2;1)
E (x : px) = EKP(2;1) + (¯0 + b0)((S11 ¡ S21)) ¡ (¯1 + b1)S21
E (x : py) = EKP (2;2) + (¯0 + b0)((S12 ¡ S22)) ¡ (¯1 + b1)S22
E (x : kx) = EKK (2;1)
E (x : ky) = EKK (2;2)
E (y : px) = EKP(3;1) + (°0 + c0)((S11 ¡ S21)) ¡ (°1 + c1)S21
E (y : py) = EKP (3;2) + (°0 + c0)((S12 ¡ S22)) ¡ (°1 + c1)S22
29E (y : kx) = EKK (3;1)
E (y : ky) = EKK (3;2)
5.4.1 Output Elasticities for the Two-Sector Case
Simpler expressions can be obtained for the case of a two-sector model. We





in the two-sector case, to be used in
section (2) above16. Setting ^ !10 and ^ !12 to zero and using (44) and (47), the
















































Since ^ !10 has been set to zero, from (47), we get:











Using the input coe¢cients given by (63), (64), (67), and (68), but modi…ed




























Now the growth of the output x will be :






































































However, noting that at the steady state:





















































































in section 2 above.
6 Appendix II: The discrete time case
The discrete time problem can be de…ned as:















¡ (1 + v)
¡1L
(1+v)






















where the discount factor is ½ = (1 + (r ¡ g))
¡1; gx , gy are depreciation
rates, z = (zc;zx;zy); zi is a technology shock where `nzi = ³i,
³i;t+1 = ¸i³i;t + "i;t+1; 0 · ¸i · 1 (85)
i = c; x; y; and "i;t+1 is iid, normally distributed and has mean zero. z0 is
the value attained by z in the subsequent period. Note that we can write the
consumption output as:
c = zcqc (L ¡ Lx ¡ Ly)
®0+a0 (kx ¡ Kxx ¡ Kxy)
®1+a1 (ky ¡ Kyx ¡ Kyy)
®2+a2
The …rst order conditions, after simple substitutions, are:
c
¡¾





















+ (1 ¡ gy)
!!
(87)
and the equations for accumulation are given by
kx;t+1 = (1 ¡ gx)kx;t + xt (88)
ky;t+1 = (1 ¡ gy)ky;t + yt (89)
Before analyzing the dynamics it is easy to show that the steady state of the
dynamic system, (86), (87), (88) and (89), (85), with the random variables
zc; zx;zy set to their long-run means, is identical to the steady state of the
deterministic continuous time system if gx = gy = g: To see this set ½ =
32(1 + (r ¡ g))
¡1 and note that at a steady state this implies:
1 + r ¡ g =
wx
px
+ (1 ¡ g) =
wy
py
+ (1 ¡ g)
We can de…ne qi = ¹ qi¹ zi where ¹ zi is the long run mean of zi for i = c;x;y: The
steady state values of variables computed in sections above therefore remain
as before. Quantity and price variables will now depend on the realizations
of shocks as well, so to study the dynamics around the steady state we now
have to compute the elasticities of input coe¢cients and of outputs that will
now incorporate the e¤ects of the stochastic shocks.
First we note that the equations (43), (44), (45) as well as (76) remain








^ px + ^ zx ¡ ^ zc
^ py + ^ zy ¡ ^ zc
!
(90)
In terms of elasticities, this implies that
E (!10;!12 : zx;zy) = E (!10;!12 : px;py)
E (!10 : ^ zc) = ¡E (!10 : px)
E (!12 : ^ zc) = ¡E (!12 : py)
It follows therefore that:





+ E(c;x;y : px;py) (91)




¡ E(c;x;y : px) ¡ E(c;x;y : py) (92)










0 can be obtained from (58) after

















¯0 + b0 ¯2 + b2





^ px + ^ zx ¡ ^ zc







33In terms of elasticities, this implies that
E (rx;ry : zx;zy) = I + E (rx;ry : px;py) (93)
E (rx;ry : zc) = ¡E (rx;ry : px) ¡ E (rx;ry : py) (94)
Note that E (rx;ry : px;py) is simply given by the elements of the matrix
Ã"
¯0 + b0 ¯2 + b2





Now we have all the elements to evaluate the Jacobian corresponding to the
linear system evaluated at the steady state. The relevant partial derivatives
can be computed from the associated elasticities using steady state values.




py;t+1 + (1 ¡ gy)
´
= 1: A similar equation holds for the linearization of
(87). We can express the linearized dynamics as percentage deviations from
the steady state with the help of the following matrices:
[R11] =
2



































































































































































































































































































































































































































































































The linearized dynamics are then:
0








































C C C C C C C C C C C
A
(95)
where ^ si;t;i = x;y; is an iid sunspot shock with zero mean, acting on the
36“Euler” equations for the two capital stocks. Note that the elements of the
matrices [R] and [Q] are functions of the parameters of the system, and also
of the steady state quantities which are functions of the parameters as well.
We can therefore evaluate the roots of [Q]
¡1[R] to check for the possibility of
indeterminacy. When externality parameters are set to zero, as is well-known







the other three are the autoregressive coe¢cients of the technology shocks.
For modest externalities however, it is easy to …nd large parameter regions
for which there exists indeterminate equilibria, as the calibrated example in
section (4) illustrates.
6.1 The Calibration
Equation (95) can easily be used to simulate or assess the stochastic prop-
erties of our dynamic system. In order to then obtain series for outputs
c; x;and y; as well as their inputs, we must …rst express them as functions
of (px;py;kx;ky): Using (43), (44), (45), and (73), we can set up the matrix
equation:
0













































B B B B B B B B B B B B B B B B
@
0 0 0 ¡1 0 0 1 0 0
1 0 0 ¡1 0 0 0 0 0
0 0 0 0 ¡1 0 0 1 0
0 1 0 0 ¡1 0 0 0 0
0 0 0 0 0 ¡1 0 0 1













ky 0 0 0 0 0 0
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A
0












C C C C C C C C C C C C C C C C C
A
37where x0;x1;x2 are as in equation (73). Equation (96), after inverting, will
solve for ^ Kxc and ^ Kyc in terms of (^ px; ^ py; ^ kx;^ ky); so that we can obtain the
associated elasticities. We now have all the elements of the Jacobian and we
can analytically compute the variance-covariance matrix of the variables in
equation(95), for contemporaneous as well as lagged values. Furthermore,
using these we can easily compute a larger variance-covariance matrix that
includes linear functions of the original variables, like the outputs of the three
goods, and the aggregate value of investment or GNP.
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incorporates the steady state relationship.
5We should note that other distortions which interfere with true cost minimization are
also likely to give rise to similar results.
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based on the Rybczynski and Stolper-Samuelson theorems,but in this case departing from
42the initial equilibrium trajectory leads to explosive prices instead of outputs.











; which now are matrices, and which are equal to each other if there are





depends on external e¤ects. Given
any r > g; it is then possible to construct robust families of Cobb-Douglas technologies
giving rise to indeterminacy for arbitrarily small external e¤ects.
8With non-linear utility we will have indeterminacy in the two-sector model if the trace
of [J] is negative and its determinant is positive. It can in fact be shown that the trace








be positive. For a positive determinant we must also assume that the term E in (12)
is positive. However "cp appearing in E endogenous. It can be computed as a function
of parameters, and it is possible to produce examples of indeterminate steady states for
positive but small values of ¾:
9It is also easy to construct examples of systems without externalities generating closed
orbits or cycles as optimal paths, as in Benhabib and Nishimura [5]. For example if we
set r = 0:05;g = 0:01;v = 1;¾ = 0:001; ®1 = :0017; ®2 = :459; ®0 = 1 ¡ ®1 ¡ ®2; ¯1 =
:0265; ¯2 = :0012; ¯0 = 1 ¡ ¯1 ¡ ¯2; °1 = :5635; °2 = :423; °0 = 1 ¡ °1 ¡ °2; then
at ¾ ¼ :020386; the Jacobian [JN] has two complex roots with zero real parts which
become negative for higher ¾; and positive for lower ¾; satisfying the conditions of the
Hopf Bifurcation Theorem for existence of closed orbits. We note that the family of cycles
as a function of ¾ in the example occur for low discount rates, but a for utility function
of consumption that is close to linear.
4310Here again since ½ < 1; there is the possibility of too many roots crossing and falling
outside the unit circle even without external e¤ects, making the steady state unstable and
creating cycles on invariant circles via a Hopf bifucation, or cycles via ‡ip bifurcation.
Our concern here however is with too many roots inside the unit circle, a situation that
implies indeterminacy.
11The same parameters in the deterministic version of the model in continous time
would yield the four roots: -0.72, 0.06, -0.03, - 1.47. The three negative roots imply
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13In multisector RBC models, in order to reduce volatility at the sectoral level and to
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14The impulse response function of consumption to a technology shock also exhibits the
same behaviour in the multisector model of Weder in this issue.
15For an exploration of these issues in a three-sector model without external e¤ects,
44market distortions or indeterminacies, see Benhabib, Perli and Sakellaris [12].
16A full characterization of the two-sector case is available from the authors.
45